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ê�;

�5�§|���{,k��),Ã),kÃ¡õ)

Ý
,XêÝ
,O2Ý
,Ý
�1Ð�C�

¯K1: éu����5�§,UÄ�ä)��35,
��5;�Ã¡õ)�)�'X?

Þ~���Cramer{K.
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1.1Ý
�Vg

1.2Ý
�$�

Ý
½Â�Ú?,$�ÆÚy²

~ ε1 =


1

0
...
0

, ε2 =


0

1
...
0

, · · · , εn =


0

0
...
1

¡
�n�IO��þ; εT

1 , εT
2 , · · · , εT

n¡�n�IO1�þ. ¦
y:

(1) εT
i εj = δij,Ù¥δij =

{
1 i = j

0 i 6= j
;

(2) Am×nεi´A�1i�, εT
i Am×n´A�1i1;

(3) εT
i Am×nεj = aij.
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~ m�IOü ��þεiÚn�ü 1�þεT
j �

¦Èεiε
T
j ¡�m × n�Ä:Ý
, P�Eij. Ä:Ý
Eij

�1(i, j)©þ´1,Ù§©þÑ´0. ¦y:

(1) EijEkl = δjkEil;

(2)�A = (aij)n×n ,KA =
∑m

i=1

∑n
j=1 aijEij;

(3) EijAòA1j 1C�1i1, Ù{���0; AEij

òA1i�C�1j �,Ù{���0;

(4) EijAEkl = ajkEil.
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1.3�
�1�ª

1�ª�½Â(é�ê�8B)

1�ª�5�

½½½nnn11�ªÚ§�=�1�ª��.

½½½nnn21�ª�ü1(ü�)p�,1�ªUCÎÒ.

½½½nnn3 1�ª�,1(�)�úÏf�J�1�ª�
	¡,½e±��ê¦1�ª�u^Tê¦±1�ª�
?¿�1(�).

½½½nnn4e1�ª�,�1(�)���Ñ´üê�Ú,
Kd1�ª�uü�1�ª�Ú.

½½½nnn5 r1�ª�,�1(�)����¦±Ó�ê
�\�,�1(�)éA���þ,1�ª��ØC.
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½½½nnn6 �A´n�1�ª,Kk

ak1Ai1 + ak2Ai2 + · · · + aknAin =

{
detA k = i

0 k 6= i

a1lA1j + a2lA2j + · · · + anlAnj =

{
detA l = j

0 l 6= j

Ù¥Aij ´aij ��ê{fª.
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1�ª�O�

~ O�∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 a13 · · · a1,n−1 a1n

a21 a22 a23 · · · a2,n−1

a31 a32 a33 · · ·
... ... ...

an−1,1 an−1,2

an1

∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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~

(1)�A�3��
, |A| = −2,O�|A2|, |2A|Ú|−A|.
(2) �α, β, γ2, γ3, γ4 ´o��þ, ®�|A| = |α, γ2,

γ3, γ4| = 5, |B| = |β, γ2, γ3, γ4| = 2,¦|A + B|��.

(3) �A �n��
, A∗ ���Ý
, |A| = 1
8, O

�|(1
3A)−1 − 8A∗|.
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½Â�A = (aij)n×n. ½ÂdetA�∑
(k1,k2,··· ,kn)

(−1)N(k1,k2,··· ,kn)ak11ak22 · · · aknn,

ùp(k1, k2, · · · , kn)�H1, 2, · · · , n�¤k�ü�.

Laplace½n

½n det(AB) = detAdetB.
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1.4Ý
��¬

~ �A = (aij)m×n, B = (bij)n×s. P

A = (A1, A2, · · · , An) =


α1

α2
...

αn


m×1

, B = (B1, B2, · · · , Bs).

Ù¥Ai ´m ���þ, 1 ≤ i ≤ n, αs ´n �1�þ,
1 ≤ s ≤ m, Bj ´n���þ. q�

x =


x1

x2
...

xn


n×1

, β =


b1

b2
...

bm


m×1

.
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KAB �L�

AB = A(B1, B2, · · · , Bs) = (AB1, AB2, · · · , ABs).

¤±,eAB = 0,KBi´Ax = 0�).eB 6= 0,KAx = 0

k�").

AB ��L�

AB =


α1

α2
...

αn

B =


α1B

α2B
...

αnB

 .
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Ax = β �±L«�

(A1, A2, · · · , An)


x1

x2
...

xn

 = β,

½

β = x1A1 + x2A2 + · · · + xnAn.
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1.5�_Ý


½Â,��5,5�

��Ý
 AA∗ = A∗A = E

Ý
�_�¿�^�´1�ª�".
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1.6Ý
�Ð�C�

Ð�Ý
ÚÐ�C�

�1m�½n

PA =


A1

A2

· · ·
Am

, Ù¥Ai = (ai1, ai2,
..., ain). Ð�Ý


�©¬/ª�

P (ij) =



εT
1
...

εT
j
...

εT
i
...

εm


, P (i(c)) =


εT

1
...

cεT
i

...
εm

 , P (i, j(c)) =



εT
1
...

εT
i + cεT

j
...

εT
j
...

εm


.
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d©¬Ý
¦{�

P (ij)A =



εT
1
...

εT
j
...

εT
i
...

εm


A =



εT
1 A
...

εT
j A
...

εT
i A
...

εmA


=



A1
...

Aj
...

Ai
...

Am


.
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P (i(c))A =


εT

1
...

cεT
i

...
εm

A =


εT

1 A
...

cεT
i A
...

εmA

 =


A1
...

cAi
...

Am

 .

http://192.9.200.1


�¯Ì�

I K �

JJ II

J I

1 21�� 40�

� £

�¶w«

' 4

ò Ñ

P (i, j(c))A =



εT
1
...

εT
i + cεT

j
...

εT
j
...

εm


A =



A1
...

Ai + cAj
...

Aj
...

Am


.
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Ý
��-

�-IO.

Ö¿�d'XÚ�d©ag�

íØ�A´n��
,Ke�·K�d:

(1) A�_;

(2)�3B,¦�AB = En;

(3)�3B,¦�BA = En;

(4) |A| 6= 0;

(5) A ∼= En;

(6) A�L«�eZ�Ð�Ý
�È.

Ð�C�¦_, 2��¬Ý
�¦_
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1.7Ý
��

^�"fª����ê½Â

½½½nnn r(A) = r(AT ).

½½½nnn�F/Ý
���u�"1ê.

½½½nnn?¿Ý
�²L1�Ð�C�z�F/Ý
.

½½½nnnÐ�C�ØUCÝ
��.
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íííØØØ

(1)�P, Q´�_
,Kr(PA) = r(AQ) = r(PAQ) =

r(A).

(2)�A�-u

(
Er 0

0 0

)
,Kr(A) = r.

(3)�A, B ´m× nÝ
,KA�-uB �¿©7�

^�´r(A) = r(B),¿©7�^�´A, B ��-IO.

´�Ó�.

(4) �A ´n ��
, KA �_�¿©7�^�

´r(A) = n.
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1.8Ý
A^�ü�~f:

ãØ���Ý


=£VÇ�=£Ý


http://192.9.200.1


�¯Ì�

I K �

JJ II

J I

1 26�� 40�

� £

�¶w«

' 4

ò Ñ

$2�5�§|

2.1�5�§|

2.2�þ9�5$�

2.3�þm��5'X

2.4�þ|��

2.5�5�§|)�(�

2.6 Rn�IO��Ä
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2.1�5�§|

Cramer{K

��{

�àg�5�§|k)��½½n. y²L§´)
KL§. z¤F/,û½)��3Ú��5;k)��¹
e,UYz�{zF/. gd��þ. AO5¿Ü·��
�p�±9?n.

àg�5�§|k)��½½n
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2.2�þ9�5$�

�þ���,\{,ê¦,�5�m�½Â. Rn,f�
m,)�m
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2.3�þm��5'X

�5|Ü,�5L«

��5L«�¿�^�´éA�5�§|k)

�5�'��5Ã'

^�§|�½½n
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½n α1, α2, · · · , αs�5�'¿©7�^�´Ù¥�

�k���þ´Ù{�þ��5|Ü.

½n�β = a1α1 + a2α2 + · · · + asαs,KL«{��

�¿©7�^�´α1, α2, · · · , αs�5Ã'.

½nÜ©�',K�N�'.

½n�þ|Ã',KO\©þ��Ã'.
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2.4�þ|��

4��5Ã'|

�þ|��d

½nXJ�þ|α1, α2, · · · , αs�±d�þ|β1, β2,
· · · , βt�5LÑ,�s > t,Kα1, α2, · · · , αs7�5�'.

�þ|��

½n1�Ð�C�ØUCÝ
�1�Ú��

½n?�m× nÝ
A�1��u��,�ur(A).
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~ ��Ý
V\�1(½��),�ØC½\1.

~ �C =

(
A 0

0 B

)
,¦y: r(C) = r(A) + r(B).

~ r(AB) ≤ min{r(A), r(B)}.
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~ �A ´n ��
, KA2 = A �¿©7�^�

´r(A) + r(E − A) = n.

(
A 0

0 E − A

)
→
(

A A

0 E − A

)
→
(

A A

A E

)
→
(

A2 − A A

0 E

)
→
(

A2 − A 0

0 E

)
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2.5�5�§|)�(�

Ax = 0�)�N�¤F n���f�m.

éun��5�§|Ax = 0,XJr(A) = r < n,K
T�§|7kÄ:)X,�Ä:)Xdn− r��þ|¤.

�Am×n, Bn×s÷vAB = 0,Kr(A) + r(B) ≤ n.

�Am×n´¢Ý
. ¦y: r(ATA) = r(A) = r(AAT ).

r(A∗)

�àg�5�§|�)�(�

http://192.9.200.1


�¯Ì�

I K �

JJ II

J I

1 35�� 40�

� £

�¶w«

' 4

ò Ñ

2.6 Rn�IO��Ä
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$3Ý
�A���A��þ

3.1Ý
�A���A��þ

3.2�qÝ
�Ý
�é�z�^�

3.3¢é¡Ý
�A���A��þ

3.4*Ý
?ê

3.5A^£�¤À/�ó�uÐ�O��.

3.6A^£�¤Ý\�Ñ©Û{0

http://192.9.200.1


�¯Ì�

I K �

JJ II

J I

1 37�� 40�

� £

�¶w«

' 4

ò Ñ

$4�g.

4.1Ä�Vg

4.2�g.�IO/Ú5�/

4.3�g.Úé¡Ý
�k½5

4.4�½Ý
�A^: õ�¼ê�4�¯K,�g
¡�IO.
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$5�5�m��5C�

5.1�5�m

5.2�5C�

5.3î¼�m{0
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1. Ý
�\{Ú¦{(3��)
2.�5�§|(4��)
3.1�ª(2-3��)
4. Rn�5�(7-8��)
5.A���A��þ(6��)
6.��5�?�Ú?Ø(4��)

oO26-28��
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